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BM from random walks

Scaling limit Brownian motion.
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Self-avoiding random walk

Conjectured Scaling limit SLE 8
3
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Domain Markov Property

Measure μ#D (z,w)
conditioned on initial curve segment
γ(0, t ] is equal to μ#D\γ(0,t](γ(t),w)
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Loop-erased random walk

- (DMP)
- Conformally invariant in the limit
- Scaling limit SLE2. (LSW ’04)
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Scaling Limits?

Erasing loops from BM? - Hard
Conformal invariance to the rescue.
CI + DMP =⇒ SLE.

Definition (Conformal map)

f : D1 → D2 is conformal if it is bijective and holomorphic.
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Brownian Motion is Conformally invariant

Theorem

f : D1 → D2 conformal, 0 ∈ D1,D2, f (0) = 0.
W = X + iY planar Brownian motion
Define τD1 := inf{t ≥ 0 : Wt 6∈ D1}

Then f (Wt)|[0,τD1
] is a time-changed Brownian motion.

∫ σs
0 |f ′(Br )|2dr = s, then f (Wσs) is BM in D2.

Locally scaling + rotation.
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Brownian Motion is conformally invariant

Theorem

W̃t = f (Wσt ) is Brownian motion.

Proof:
f = u + iv . By Ito’s Lemma + Cauchy Riemann:

d(u(Wt)) = ux(Wt)dXt + uy (Wt)dYt

=⇒ < u(W ) >t =

∫ t

0
|f ′(Ws)|2ds

Thus < X̃ >t=< Ỹ >t= t , < X̃ , Ỹ >= 0.
+ Lévy characterization.

Nikolai Bobenko Schramm-Loewner Evolution 11/27/2020 8 / 22



Riemann Mapping Theorem

Theorem

D non-empty, simply connected proper subset of C, then there exists a conformal f :
D → D.

Three real degrees of freedom.
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Mapping out

γ : [0,∞) → H, γ(0) = 0,γ(∞) = ∞.
K c

t = unbounded component of H \ γ[0, t ].
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Mapping out

γ : [0,∞) → H, γ(0) = 0,γ(∞) = ∞.
K c

t = unbounded component of H \ γ[0, t ].
gt : K c

t → H conformal, gt(∞) = ∞.
Expand at ∞: gt(z) = a1z + a0 + a−1z−1 + . . . with ai ∈ R.
∃! gt with a1 = 1,a0 = 0.
compact H hull K ↔ mapping out function g
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Capacity

gt(z) = z + a−1z−1 + . . .
Then hcap(Kt) := a−1 = limy→∞ yEiy [Im(WτKt∪R)].
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Capacity

gt(z) = z + a−1z−1 + . . .
Then hcap(Kt) := a−1 = limy→∞ yEiy [Im(WτKt∪R)].

Lemma (Additivity)

hcap(Kt+s) = hcap(Kt) + hcap(gt(Kt+s \ Kt))
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Capacity

gt(z) = z + a−1z−1 + . . .
Then hcap(Kt) := a−1 = limy→∞ yEiy [Im(WτKt∪R)].

Lemma (Scaling)

hcap(rKt) = r2hcap(Kt)
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Loewner Evolution

Parametrize γ by hcap.

Theorem

Let γt be a simple curve from 0 to ∞ parametrized s.t. hcap(Kt) = 2t . τz := inf{t ≥ 0 :
z ∈ Kt}, Ut = gt(γt) Then

ġt(z) =
2

gt(z)− Ut
for t ∈ [0,τz ], g0(z) = z.

Remark: Can extend to non-simple curves γ:
Sets Kt derived from Loewner chains "continuously increasing hulls":⋂

δ>0

Kt ,t+δ = Ut
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Schramm Loewner Evolution

Study Ut instead of γt . Invert construction:

Definition

Wt BM, κ ≥ 0.
Solve ġt(z) = 2

gt (z)−
√
κWt

, g0(z) = z for t < τz = sup{t ≥ 0,gt(z) well defined}.

Kt = {z ∈ H : τz ≤ t}
γ curve generating (Kt)t≥0 is SLEκ.

Proposition (Rohde-Schramm, Lawler-Schramm-Werner)

γ is well defined.

Remark: SLEκ is really a measure μ#H (0,∞) on paths going from 0 to ∞ up to time
reparametrization.
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Scale invariance

Proposition

If γ is SLEκ then γ̃ : t 7→ rγ( t
r2 ) is also SLEκ.

Proof: g̃t(z) = rgt/r2(z/r) is mapping out function of γ̃.

=⇒ ˙̃gt(z) = 2
g̃t (z)−r

√
κW (t/r2)

d
= 2

g̃t (z)−
√
κW (t) .
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SLE on other domains

D simply connected domain, z,w ∈ ∂D, f : H → D conformal with f (0) = z, f (∞) = w .

Definition

μ#D (z,w) is the image of μ#H (0,∞) under f .
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SLE on other domains

D simply connected domain, z,w ∈ ∂D, f : H → D conformal with f (0) = z, f (∞) = w .

Definition

μ#D (z,w) is the image of μ#H (0,∞) under f .

f not unique - any other such map written as f1(z) = f (rz), r > 0. Still well defined by
scale invariance.
New mapping out function ht(z) = f (gt(f−1(z)))
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Conformal invariance and Domain Markov Property

For any D,a,b as above given measures μD(a,b) on curves modulo time
reparametrization.
(CI): f∗(μD1(a,b)) = μD2(z,w) for conformal f .
(DMP): μD(a,b)(· |γ|[0,τ]) = μD\γ([0,τ])(γ(τ),b)

Theorem (Schramm ’00)

(μD(a,b)) satisfies (CI) and (DMP) ⇐⇒ μD(a,b)
d
= SLEκ for some κ ≥ 0.
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Conformal invariance and Domain Markov Property

Theorem (Schramm ’00)

(μD(a,b)) satisfies (CI) and (DMP) ⇐⇒ μD(a,b)
d
= SLEκ for some κ ≥ 0.

Proof sketch:
Enough to consider μH(0,∞). Let Ut be the Loewner transform of Kt . Then

Uλt := λUt/λ2︸ ︷︷ ︸
LT of λKt

, U(s)
t := Us+t − Us︸ ︷︷ ︸

LT of Ks,t=gs(Kt+s\Ks)

.

Thus
Kt scale inv ⇐⇒ Ut scale inv.
Kt DMP ⇐⇒ (Ut) stationary indep increments.
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Phases of SLE

Proposition (Rohde-Schramm)

κ ∈ [0,4]: γ is simple.
κ ∈ (4,8): γ is self-intersecting with 0 Lebesque measure.
κ ≥ 8: γ is space-filling.

ĝt(z) =
gt (z)−

√
κWt√
κ

satisfies

dĝt(z) =
2/κ

ĝt(z)
dt − dWt .

=⇒ n = 4
κ + 1 dimension of Bessel process.
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